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Abstract 

We present a new conformal algebra. It is Z2 x Z2 graded and generated 
by three = 1 superconformal algebras coupled to each other by nontrivial 
relations of parafermionic type. The representation theory and unitary 
models of the algebra are briefly discussed. We also conjecture the existence 
of infinite series of parafermionic algebras containing many iV = 1 or = 2 
superconformal subalgebras. 
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1 Introduction 

Superconformal algebras are of great importance in theoretical physics. Probably the 
best known ones are the = 1 and the N = 2 superconformal algebras, which play 
an important role in superstring theory. Here the N is the number of supersymmetry 
generators. The = 1 algebra was introduced in [1] and [2], the N = 2 algebra 
first appeared in [3]. The mathematical meaning of the term "superalgebra" is that 
the algebra is Z2 graded. There are even (bosonic) generators and odd (fermionic) 
generators. The algebraic relations respect the Z,2 grading. 

In this paper we introduce a new algebra, the superconformal algebra graded by the 
Z2 X Z2 group. The Z2 x Z2 group is a finite abelian group containing 4 elements: the 
identity (0,0), and 3 more elements (1, 0), (0, 1), (1, 1). The product of two different 
non-identity elements gives the third one. The square of a non-identity element gives 
identity, hence there are 3 different Z2 subgroups in Z2 x Z2. 

We take one superconformal generator field of conformal dimension 3/2 for each 
non-identity element of Z2 x Z2: G^"\ a = 1,2,3. Each one of them generates the 
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standard N = 1 superconformal algebra: 



G'°'(.)G""(u.) = + + 0((.- - (1) 

rwWG-w^g5.^ + o(,.-„n, (2) 

The Virasoro fields T^°'\z),a = 1,2,3 belong to the (0,0) grading. The operator 
product expansion of two different superconformal generators should give the third 
one: 

G(")(^)G('3)H ~ ^^i^^, a^/?^7. (4) 
[z — wy^i'^ 

The power of the singularity (3/2) is obtained by a simple dimensional analysis. The 
crucial point is that it is not integer. So our algebra is not a standard chiral algebra (ver- 
tex algebra in mathematical literature), but a parafermionic type algebra (generalized 
vertex algebra). The full algebra as we show in this paper is formed by 10 generating 
fields. In addition to the 6 generating fields G'^"\z)^T'^"\z)^ a = 1,2,3 mentioned 
above one has 3 dimension-5/2 fields U^"\z), a = 1,2,3 and one dimension-3 field 
W{z). We call this algebra "the Z2 x Z2 graded = 1 superconformal algebra". 

The first example of parafermionic algebra was introduced by Fateev and Zamolod- 
chikov in [1]. This Z^v graded algebra is generated by — 1 fields of conformal di- 
mensions Aj = i{N — i)/N, i = 1,2, . . . , N — 1. For a fixed N the algebra has no 
free parameters. In their next paper [5] the same authors presented another Z3 graded 
parafermionic algebra, generated by the Virasoro field and two dimension-4/3 fields. 
This algebra has a continuous free parameter - the central charge. Later Gepner [6] 
introduced new parafermionic theories through coset construction of the type gk/u{lY, 
where Qk is the affine Lie algebra on level k and r is its rank. The mathematical treat- 
ment of parafermionic algebras was developed in [7] (see also the recent paper PJ). 

In our previous work [9j we applied the algebraic approach to calculate the structure 
constants of the sl{n)2/u{lY and the s/(2|l)2/u(l)^ coset parafermions. We called 
the generators of the former theory the sl{n) fermions. The s/ (3)2/^(1)^ and the 
s/(2| 1)2/^(1)^ parafermionic algebras are also Z2 x Z2 graded. 

The current paper is the direct continuation of P, we use the same setting and the 
same tools to derive the Z2 x Z2 graded = 1 superconformal algebra. This algebra 
resembles in many aspects the s/(3) fermion algebra from [9]. But the new algebra is 
more complicated: it has more generating fields and has one free continuous parameter. 

The paper is organized as following. First in Section [2] we recall the main points 
of the algebraic approach to conformal algebras of parafermionic type. In Section [3] 
the Z2 X Z2 graded = 1 superconformal algebra is derived. The full set of lengthy 
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operator product expansions defining the algebra is listed in Appendix |Al In Section H] 
we convert the operator product expansions to the generalized commutation relations 
between the modes of the basic fields, preparing the ground to the study of represen- 
tation theory of the algebra (in Section [S]). The unitarity restrictions are discussed in 
Section O Two explicit realizations of unitary models possessing the Z2 x Z2 graded 
= 1 superconformal symmetry are presented in Section [71 The last Section ([8]) con- 
tains a brief summary and the ideas for the further study. In particular we announce 
the N = 2 superconformal analogue of the algebra described in this paper and also 
announce the existence of two series of more complicated = 1 and N = 2 super- 
conformal algebras of parafermionic type and speculate about their unitary minimal 
models. 

2 Parafermionic conformal algebras 

In this section we briefly recall the main points of the algebraic formalism for parafermionic 
conformal algebras. We will follow here Ref. [9] (Sections 2 and 3). This algebraic ap- 
proach in fact goes back to 1993 [7j. See also the recent paper where parafermionic 
algebras are defined using the notion of polylocal fields. 

An operator product expansion of parafermionic type has the following form: 

Aiz)Biw) = ^^^^ ( [A, B]Jw)+[A, B] ^_^iw) iz-w)+ [A, B] ^_^iw) iz-wf+- • • ) , 

(5) 

i.e. it is a general operator product expansion with one important restriction that 
except the overall singularity {z — the integer powers of {z — w) only are present 
on the right hand side of the equation. But the singularity a doesn't have to be integer! 
Here we also introduced a notation [A, -B]^, the n-product of fields A and B. It is the 
field, arising at the {z — w)~"' term of the operator product expansion of the fields A{z) 
and B{w) around w as it appears in ([5]). 

When a ^ Z it is not clear a priori how to exchange the fields in the operator 
product expansion, since some phases are involved. The following axiom, which is the 
crucial point of the definition of parafermionic algebras, tells us how to exchange the 
fields in the operator product expansion Q: 

A{z)B{w){z - w)" = fiABB{w)A{z){w - zf . (6) 

Here /Iais is a commutation factor which is a complex number different from zero. The 
exponent a in ([6]) is usually chosen to be equal to the singularity of the operator 
product expansion. However one can add to a an integer number. If the integer is 
even, then the commutation factor is not changed, if we shift a by odd integer then 
the sign of the commutation factor is flipped. 
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By exchanging the fields in ([6]) second time one shows that the commutation factor 
should satisfy the following consistency conditions: 



fJ'ABfJ'BA = 1, (7) 

and if we assume that the term \A, A] ^0 then it follows that 

Haa = 1- (8) 

If the operator product expansion of two basic fields B{w) and C{v) gives a third 
one D{v): 

B{w)Civ) = + ■ ■ ■ , (9) 

then exchanging another basic field A{z) with B{w) and then with C{v) is essentially 
the same as exchanging A{z) with D{v). Therefore ^Xad is proportional to HabIJ^ac'- 

f^ABf^AC = (10) 

It is also imphcitly stated here that a^s + a^c — «ad G ^• 

The most important tool in the study of parafermionic conformal algebras is the 
generalized Jacobi identities. This identities involve the operator product expansions 
between three fields: 

j>0 ^ / 

i>o V J / 
j>0 ^ / 

The sums are finite, the upper bound is given by the order of singularity of the corre- 
sponding fields. The parameters 7 differ from the corresponding singularity exponents 
a by an integer number: Oab - Iab, c^ac - Jac, ^bc - Ibc e Z. 



3 Derivation of the algebra 

As we have already mentioned in the introduction we start from three copies of the 
= 1 superconformal algebra, associated to the three non-identity elements of the 
Z2 X Z2 abelian group. The generators are G^°'\z) ,T^°'\z) , a = 1,2,3. The algebraic 
relations inside the N = 1 superconformal algebra are given by the operator prod- 
uct expansions (fT][2][3l) . Note the unusual normalization of superconformal generators 
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G^^'^z). The parameter c is the central charge of the three N = 1 superconformal 
algebras. 

Now we want to couple the fields G^°'\z) to each other. The operator product 
expansion of two superconformal generators G gives the third one: 

G(")(z)G(^)H = ^p^^^!^ + 0{iz-wr'/'), (12) 
[z — wyi'^ 

where tia,p are yet unknown structure constants and a,/?, 7 are all different. 
The fields in these operator product expansions are exchanged as following: 

G^^\z)G^^\w){z - wf'^ = ^io.,pG^^\w)G^''\z){w - zf/^, (13) 

leading to the relations between the structure constants and the commutation factors: 

(14) 

The commutation factors are easily determined using the relation flTUl) between 
them. Taking A = G^^\ B = G^^\ C = G^^) ^e get 

/il,l/^l,2 = -/Lti,3, (15) 

since the singularities are equal to ai^i = 3, 0:1^2 = ^1,3 = 3/2, and so 
(_l)«i,i+ai,2-ai,3 = _i. Substituting A = G^^\ B = G^'^\C = G^^) in ^ we get 

/^l,2/Wl,3 = (16) 

Taking into account that yUi_i = 1, one obtains 

/Wi,2 = -Aii,3 = ±i- (17) 

To resolve the formal ambiguity we fix /xi 2 = i. Using the cyclic permutations of 
indices we determine all the commutation factors: 

/^l,2 = /i2,3 = /^3,1 = -Ai2,l = -Ai3,2 = "A^l.S = 1- (18) 

To determine the structure constants we use the generalized Jacobi identities flTTl) . 
Take A = G^^\ B = G^'^\ C = G^^^ and two parameters from the set of three •Jab, Ibc: Iac 
equal to 1/2 and the third one equal to 3/2. Then the corresponding Jacobi identities 
require that the structure constants are equal to each other: 

1^1,2 = fi;2,3 = 1^3,1 = ge'"'^'^, (19) 

where we introduced the new phase shifted structure constant g in order to avoid 
appearance of i in the formulas below. 



5 



We will assign the following Z2 x Z2 charges to the fields: G^^^ has charge (1,0), 
G^"^^ - (0, 1), G^^^ - (1, 1). Then the identity field and all the Virasoro generators T*^") 
carry the charge (0,0). The commutation factors of the fields from the (0,0) sector 
with all the fields are equal to 1, and the commutation factors between other sectors 
are given by (ITSI) . 

Now it is easy to derive the leading terms in the operator product expansions of 
different generating fields using the dimensional and Z2 x Z2 charge analysis: 

T(")(z)G'(^)(u;) = K (T(°), G'(^)) ^^^^ + 0({z- w)''), (20) 

[z — w)^ 

T^-\z)T^^\w) = "^I^^JIP +0{{z- w)-'), (21) 

where a 7^ /3 and k (T^°'\ G^^^) , n (^T*^"\ T*^^^) are structure constants to be determined 
by the Jacobi identities in the following way. Insert A = G^°'\ B = G^°'\C = G*-^-* 
(a 7^ P) and 7^^ = Iac = 1/2, Iab = to the Jacobi identities ffTTl) to get 

K (T("), G'(^)) = (1 + 16/) c/24. (22) 

Choose A = T^^'lB = G^^\C = G'(^) (a ^ (3) and 7^0 = 0,7^^ = 2,7^^ = 1, the 
Jacobi identity then enforces 

^ = (T(°),G(^)) = (1 + 16(7^)0772. (23) 

3 

All the Jacobi identities for the fields G^"\T^"\ a = 1,2,3, taking into account 
only the terms specified in the above operator product expansion relations, are satisfied 
now. So this parafermionic algebra is self consistent, there are two free parameters: c 
and g. However we haven't specified all the singular terms in the operator product 
expansions, so the information contained in the generalized commutation relations 
extracted from the above operator product expansions is not sufficient to build the 
representation theory of the algebra. We have to specify all the singular terms in the 
operator product expansions of generating fields in terms of the generating fields, their 
derivatives and composite fields. By singular terms we understand all the n-products 
[y4, i?]^, > 0, by composite field we mean [A, 5]^, n < 0, where A and B are two 
generating fields. 

We have to make the additional assumptions about the missing singular terms 
in the operator product expansions. The first assumption is that there are no other 
dimension-2 fields in the algebra. It means that the field in [T^°\T^^^^ is a linear 
combination of T^^\ T^^-* and T^^\ The second consequence of this assumption is that 
the total energy- momentum field T(z) is proportional to the sum of T^^\z), T^'^\z) 
and T^^\z). The factor is easily calculated from the requirement that the weight of 
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the fields G*^") under the action of T{z) is equal to their conformal dimension 3/2. So 
we get that the total energy-momentum field is 

The requirement [T, T*^")] ^ = 2T(°) leads to fixing the coefficients in the second order 
term in the operator product expansion of T(") and T^^); 

[T^^\T^^\ = ^ (1 + 16/) (r« + T(2) -T(3)) , (25) 

and the same for cyclic permutations of the indices. 

Now it is easy to verify that the energy-momentum field T{z) indeed satisfies the 
Virasoro algebra, the central charge of which is 

Now we look at the next to leading term \G^"\G'^^'^]^^^^ in the expansion of two 
superconformal generators. This is a dimension-5/2 field. The simplest assumption 
that it is just proportional to dG^"''' does not work. We have to introduce three new 
basic fields U^^\U^'^\U^^^ of dimension 5/2: 

(27) 

where a,/3,7 are cyclically ordered. The coefficient \ before dG^'~^\w) is chosen so to 
make the field U^'^\w) primary with respect to the total energy-momentum Virasoro 
field. The field t/^^^ has the same Z2 x Z2 grading as G^^^^ Consequently f/*^^-* has the 
same commutation factors with other fields as G^'^\ if defined appropriately: 

if y(7) = a^.c!^) + 2Z in Here A stands for any field. 

The first order singular term in the expansion of T^"^ and G*^'^-' is also of dimension 
5/2 and a priori is not expressed in terms of U^'^'^ and dG^'~^'' only. But we would 
like to make the life easy assuming that no new dimension-5/2 basic fields have to be 
introduced. This assumption will cost us one free parameter in the algebra: c becomes 
a function of g. First note that with respect to the = 1 superconformal algebra 
generated by T^^^ and G^^^ the two other dimension-3/2 fields C^^^ and G^^^ are the 
highest weight primary fields of Ramond type of weight (1 + IQg'^) c/24: 

g(^)|G(2)> = ^7e''^/^|G(=^)>, G«|G(2'3)> = 0, n > 0, 

T«|G(2.3)^ ^ ^ lQg2^\Gi2,z)^^ T«|G(2'=^)> = 0, n > 0. ^^^^ 
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Then the field U^^^ is expressed in terms of G^}Ig^q^\G^'^^> and [T^^^, G^^)] ^ is expressed 

in terms of T^_}I\G^^^>. G^^G^o^ \G^^^ > and T^_}i\G^^^> are in general two independent 
states in the highest weight representation. However if there is a null state on level 1 in 
the highest weight representation then G^Hg^^^ \G^^^ > ~ T^_}}\G^^^> and [T^^\ C^^)] ^ is 
expressed through U^"^^ . The null state appears on level 1 when the highest weight h and 
the central charge c arc connected by the following equation: 3c — 72h + 16ch + 128h^ — 
0. Upon substitution h = {1 + lQg'^)c/2A the relation is translated to 



(1 + V)(l + 16^2)- 

So at last we can fix the following operator product expansions: 



(30) 



^ > ^ > 24 \iz-wY z-w ] ' >' 



(31) 



where (5 and we introduced the following two-index symbol: 



'■^={'L„T/U,, a, At =1,2,3, (32) 

i.e. (Ti2 = = CF31 = 1 and (T21 = o"32 = o'ls = — 1- 

Another new basic generator field W of dimension 3 appears in the first order pole 
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(A priori there are 3 such fields but since [T,T^^^^ = 9T(^) for /5 = 1,2,3 all the 
three dimension-3 primary fields are proportional to W.) The field W has the Z2 x Z2 
charge equal to (0,0). So its operator product expansions with all the other fields 
contain only integer powers of {z — w) and it has the following exchange properties: 

A{z)W{w) = W{w)A{z) (34) 

for any generator field A{z). 

It comes out that no other new fields are needed to close the algebra. The oper- 
ator product expansions of the fields f/*^"^ and W with all the other basic fields are 
constructed using the dimensional and Z2 x Z2 charge analysis, taking into account 
the basic fields {G^°'\T^"\ U^"\ a = 1, 2, 3 and W), their derivatives and the compos- 
ite fields (e.g. [G^^\ G^^)] [T^^\ G^^)]^, . . .). The structure constants are fixed by 
a routine check of the Jacobi identities. In the end we obtain the operator product 
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expansions listed in Appendix |Al All the Jacobi identities are satisfied modulo a null 
field condition: 

dW+ ^^^f/^'^' {[G^'\U^\+[G^'\U^\+[G^'\U^\)=0. (35) 

We want also to discuss here the subalgebras of the Z2 x Z2 graded = 1 su- 
perconformal algebra. Obviously it has the three A^ = 1 superconformal subalgebras 
generated by G^°'\T^°'\ Their bosonic parts generated by T^") only are also subalge- 
bras. Another Virasoro subalgebra is generated by T — T^"'\ It is commutative with 
both T^"-'^ and G'-"^ , so its central charge is equal to C — c. The Z2 x Z2 graded A^ = 1 
superconformal algebra has no other proper subalgebras. 



4 Generalized commutation relations 

The mode expansions of the fields are introduced as 

A(^)=5^A„^-"-^(^). (36) 



n 



The generalized commutation relations between the field modes are obtained using the 
formula 



( . j {"^y {^^m+a-k-jBn-a+k+j ~ A^AB (~ 1 )^-5n.-j Am+j) — ( j C'^+n- 

j=Q \ ^ / 1=0 V k-l-l J 

(37) 

For the derivation see Section 4 in [9J. Am and Bn are the modes of the fields A{z) 
and B{z), and C^''\z) are the terms in the operator product expansion of A{z)B{w): 

A(z)B(w) = ^-—(g^''\w) + G^^\w)(z-w) + G^^\w)(z-w? + ■■■). (38) 

[z — w)^ V / 

The commutation factor /i^g in fl37|) is chosen with respect to the a in the same formula. 
The integer number k in (1571) is equal to the number of terms in the operator product 
expansion which are taken into account. The generalized commutation relation with 
smaller k can be obtained from that with larger k. Taking into account all the singular 
terms in the operator product expansion is sufficient to build the representation theory. 
However, in some calculations one can use the generalized commutation relation for 
the smaller number of terms, which is usually a more simple formula. 

The singularities a in the operator product expansions of the fields in the (0, 0) 
charge Z2 x Z2 sector {T'^^\f3 = 1,2,3, and W) with all the fields in the algebra 
are integer. Therefore the corresponding generalized commutation relations are just 
usual commutators. The operator product expansions inside the same Z2 x Z2 sector 
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are also of standard type, so the relations between Gn\Um^ (for the same /3) are 
anticommutation relations. The only relations which are of parafermionic type are 
those between the G, U fields from different Z2 x Z2 sectors. For example: 



00 y \ 

/ . \ ^. ) '^m-l/2-j'^n+l/2+j ^ '^n-j'^m+j 

j=0 



V2 (3) ,..(3) 



(39) 



and the same for the cyclic permutation of the indices. Because of the space limitations 
we will not list all the generalized commutation relations here. The one which is 
important for the discussion below is the following commutation relation: 



P(i) ^(2)1 _ (1 + 16^')c"m(m" - 1) 

-m i-'-n J '^0,m+n"r 

I '^9\rn - n) / (i) (2) _ (3) , 

2 {\ ^ Ag^) V "'■^ -'-m+n ''-m+n j ' '''m+nj 



(40) 



and the same for the cyclic permutation of the indices. 

We should also draw your attention that some operator product expansions include 
composite operators, therefore the generalized commutation relations will include in- 
finite sums of terms quadratic in modes also on the right hand side of (1371) . This 
happens for example in the case of the relation obtained from the operator product 
expansion G^°'\z)U^^\w), a ^ (3 ( IHTll . The mode expansions of composite operators 
are derived in Appendix E of [in]. But here we can just extract the mode expansions 
for the composite operators from the same formula fl37j) . One should choose k in such 
a way that the last term in the operator product expansion taken into account is the 
composite operator we are interested in. Then the "reversed" formula is 



^/ m+n \ ■y—p I \ '/ m+n 



3=0 



(3-1 
j 



K,^^y (^^m+/3-l-jBn~/3+l+j + /^As(~l)" ^ Bn-jA^+j 



(41) 



There is some freedom in the choice of n and m (as long as n + m is not affected). 
If m G — + Z then the freedom can be used to simplify the formula: choose 
m = —Aa + 1, then the first sum in fj^Tl) vanishes. 

We should stress that all the infinite sums in the formulae above are nicely ordered 
in the sense that large positive modes are always from the right, so when applied to 
a state in a highest weight module the sum is truncated and becomes finite. Due to 
this fact we can use the generalized commutation relations in the computations on 
highest weight modules. The relation obtained from the operator product expansion 
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A{z)B{w) (even if includes formally infinite sums from both sides of the relation) should 
be used for exchanging the modes An and B^- Although the calculations could be very 
complicated, they are very formal and can be held by a computer using the software 
for symbolic computations, like Mathematica (the one we have used). By exchanging 
the modes it should be possible to order them, i.e. a kind of Poincare-Birkhoff-Witt 
theorem should hold, but we do not know even how to choose the Poincare-Birkhoff- 
Witt basis. 

5 Representation theory 

Highest weight states are the states which are annihilated by positive modes of all the 
basic fields. Highest weight representations are obtained from the highest weight state 
by application of nonpositive field modes to it. The modes of the fields which belong 
to the (0,0) charge Z2 x Z2 sector {T'^^\ (3 = 1,2,3, and W) are always integer. The 
modes of the G^^\ U^^^ generators can be integer or half-integer depending on which 
state they are applied to. One can deduce from the generalized commutation rela- 
tion (l39l) that the states in the highest weight module can be of 4 types. One is of the 
"NS-NS-NS" type, which means that all the G^f\ U^^ {(3 = 1, 2, 3) modes applied to it 
are half-integer: n,m G Z + 1/2. And three other are of "NS-Ramond-Ramond" type, 
which means that the modes of G, U fields from one sector should be half-integer, when 
applied to this state, and the modes of G, U fields from two other sectors should be inte- 
ger. These 4 types of states correspond to the 4 elements of the Z2 x Z2 group, and the 
Z2 X Z2 grading can be extended from the algebra to its representations in the following 
way. There will be highest weight states of 4 types: |(0,0)>, |(1,0)>, |(0, 1)>, |(1, 1)>, 
according to their Z2 x Z2 charge. Then the charge of the state in the highest weight 
module is the sum (modulo 2) of charges of the highest weight state and the field modes 
applied to it. The states of (0, 0) charge are of course of "NS-NS-NS" type. And the 
states of (1, 0), (0, 1), (1, 1) charge are of "NS-Ramond-Ramond" type, if the G, U fields 
are in the same sector as the state then their modes are half-integer, if they are from 
the different sector then their modes are integer. To illustrate the above rule we give an 
example of a valid state: G^%G%^^T^^lG^%f^T^^lT^y^G^}\w this 
state has the Z2 x Z2 charge (0, 1). 

Next we should discuss the zero modes. First we have to choose Cartan generators, 
a commuting set of zero modes. The eigenvalues of these operators on a highest weight 
state will be taken as weights labelling the highest weight state. It would be desirable 
to have the zero modes of the 3 Virasoro fields as Cartan generators, but unfortunately 
they do not commute, since according to (HOl) 

[tI,'\4'^] = Wo. (42) 

The maximal commuting set consists of 2 operators only: e.g. Tq^"* and T^^ + 

We will label the highest weight representations by the total conformal weight, the 
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eigenvalue of the total energy-momentum field (12^ . and the eigenvalue of one of the 3 
Virasoro fields, say Tq^'': 

An\h, a,q> = 0, n > 0, 

To\h, a, q> = h\h, a, q>, (43) 

(3) 

Tq \h,a,q> = a\h, a, g>, 

where q denotes the Z2 x Z2 charge of the highest weight state and A represents any 
basic field. There are two more zero modes coming from the (0, 0) sector generators. 
In the case q = (0,0) there are no other zero modes, in the case q = (1,0), (0,1), 
or (1,1) there are 4 more zero modes coming from the G, U generators. Some linear 
combinations of zero modes (with h, a, q dependent coefficients) will also annihilate the 
highest weight state in 



6 Unitary models 

All the generalized commutation relations are invariant under the following conjuga- 
tion: 



-ni 



Cp=o-7I TTZ^^' p = 3,4,5,..., (45) 



if the algebra parameter g is real. This conjugation is compatible with the standard 
conjugation on the three = 1 superconformal subalgebras. We know that the = 1 
superconformal algebra has unitary representations either when the central charge 
c > 3/2, or when c < 3/2 at the following discrete set of values of the central charge: 

3 12 
2 " (p-l)(p+l) 

which correspond to the unitary minimal models of the A^ = 1 superconformal algebra. 
From this we can immediately deduce the restrictions on possible unitary models of 
the whole algebra. In our case the A^ = 1 subalgebra central charge is connected to the 
coupling g by the formula fl30p . For real g we have c<3/2. Ifc = 3/2 then g"^ = 1/8 
and the total central charge (calculated from fl26|) ) is C = 18/5. If c = Cp, then there 
are two solutions for g"^ (and consequently for C). Both solutions can be parameterized 
by the same formula but with different ranges for the parameter p: 

2 ^ p + 3 
8(p-3)' 

C =1^(1 4(P + 11) ^ 



5 V (p+l)(5j9-l) 

where p = 3,4,5, ... or p = —3, —4, —5, .... In the case p = 3 the coupling g becomes 
formally infinite, but the algebra still makes sense, one has just to redefine the genera- 
tors G^"-* . The A^ = 1 subalgebra central charge c and the total central charge C both 
vanish in this case. 
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In fact the p = 4 model {g"^ = 7/8, C = 126/95) is also excluded from the candidates 
for the unitary models, since the central charge of the Virasoro algebra generated by 
the field T - T^^) is equal to 126/95 - 7/10 = 119/190, it is less than 1, but does not 
belong to the series of values of the central charge for the Virasoro algebra minimal 
models. 

We should stress that we have no proof that the algebra indeed has unitary repre- 
sentations except two models for which we know explicit realization in terms of unitary 
fields. These realizations are described in the next section. 



7 Explicit realizations 

7.1 s/(3) fermions x affine so (3) on level 4 

Here we present the construction of the Z2 x Z2 superconformal algebra at the central 
charge C = 18/5 in terms of sl{3) fermions and the so(3) affine Kac-Moody algebra 
on level 4. This construction is in a sense a Z2 x Z2 analogue of the realization of the 
standard = 1 superconformal algebra at the central charge c = 3/2 in terms of one 
free boson and one free fermion. 

The sl{3) fermion system is described in detail in pj. We will briefly recall its 
definition here. It is also a Z2 x Z2 graded algebra of parafermionic type, but the 
conformal dimensions of the main generating fields are equal to 1/2 and not to 3/2 like 
in the case of Z2 x Z2 graded = 1 superconformal algebra. The algebra is generated 
by 3 fermion fields ip^^^ a = 1, 2, 3. The operator product expansion of each field with 
itself is the standard free fermion relation: 

= ^_^0(z-w). (47) 
z — w 

The operator product expansion of two different fields gives the third one: 

^(")(z)^(^)(^) = ';'^^^'^|^7,^ + 0{{z - wy/'), ay^Py^r (48) 
[Z — w)'-''' 

The fields in the operator product expansion are exchanged using our general prescrip- 
tion: 

= -^(")(u;)^(°)(2), 

^('-)(z)ij^P\w)iz - wY^'' = fx^,,ij^^\w)ij^''\z){w - zY/\ a ^13. ^^^^ 

The commutation factors can be obtained exactly in the same way as the commutation 
factors of the Z2 x Z2 graded = 1 superconformal algebra (see section [3]), the result 
is: 

/^l,2 = /^2,3 = /^3,1 = -i = -/i2,l = -/i3,2 = -/^1,3- (50) 
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The structure constants are determined in [9] using Jacobi identities: 

ITT ITT 

Cl,2 = C2,3 = C3,l = C2,l = C3,2 = Ci,3 = (51) 

The sZ(3) fermion model is given by the following coset construction [6]: 

s/(3)2 



uiiy 



(52) 



The second part of our construction is the so(3) afiine vertex algebra. It is also 
generated by 3 fields, and the algebra is also Z2 x Z2 graded. The fields J*^"^ (z) are of 
conformal dimension 1, the defining operator product expansion is: 

J^-\z)J^^\w) = + ''-^^■^^'^^'^^ +0({z- wf). (53) 

[z — wY z — w 

The sl{3) fermions and the affine currents commute: 

ij^''\z)J^''\w) = J'^^\w)^'^''\z) = 0{{z-wf). (54) 

The superconformal generators G^"-* of the Z2 x Z2 graded = 1 superconformal 
algebra are expressed as products of corresponding sl{3) fermions and affine currents: 

G^^^z) = ^^^''\z)J^''\z). (55) 

Then the (/-coupling of the Z2 x Z2 graded = 1 superconformal algebra is equal 
g = 1/V2k. 

The Virasoro field associated with G^^^z) is 

T(") = ^ [J("), /"To + I [tA^"), V-^^^.i = 777 :^^"^/"^: - I :V'("^aV^^"^:. (56) 

So we see that it is the (free boson) x (free fermion) realization of the = 1 super- 
conformal algebra, the central charge of which is c = 3/2. From the relation ( !30l) we 
obtain the coupling = 1/8, which means that we have to fix the level of the so(3) 
affine algebra to k = 4. 

The total energy-momentum field is the sum of energy-momentum fields of the 
s/(3) fermion system and the so(3) affine algebra on level 4: 

3 3 
T=^Y1 -J^'^J^"^- -i^^^^di;^"^:. (57) 

a=l Q=l 

The central charge is the sum of the central charge of the sl{3) fermion system (6/5) 
and the central charge of the so{3) affine vertex algebra on level 4 (12/5): 

C = 6/5 + 12/5 = 18/5, (58) 
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as one would expect. 

The U^^^and the W fields of the Z2 x Z2 graded = 1 superconformal algebra can 
be expressed in terms of sl{n) fermions and affine currents using the operator product 
expansion relations ([27]) and (15^ respectively. 



7.2 Two free bosons 

This is a realization of the p = 5 unitary model in the series (1461) . The coupling is 
= 1/2, the central charge of the = 1 superconformal subalgebras is c = 1, and 
the total central charge is C = 2. We take two free bosons 0i and 02 : 

(l)i{z)(j)j{w) = -5ij log(z - w), (59) 

and built from them the vertex operators 

r^{z) = c<,:e^("'<^)(^):. (60) 

a is a vector in 2-dimensional Euclidean space, and (■ , ■) is the standard scalar product 
in this space. The factors Cq, are the so called cocycles, satisfying a 2-cocycle algebra, 
the exact definition of which is not important here. 
The 3 superconformal generators are given by 

(;M(^)^ r„(^) + r-a(^) ^ (61) 

V2 

where a is the root of the s/(3) algebra normalized to (a, a) = 3. 

The fields T^") (z) are obtained from the operator product expansion (IHO!) and co- 
incide with the well known energy-momentum field for the free boson system: 

X ^ ■.{a,d(f)){a,d(j)y.{z) ^ 
2(a, a) 

The total energy momentum field is also the standard energy-momentum field of the 
system of two free bosons: 

T{z) = -^(:90i90i:(^) + ■.d<f)2dMz)y (63) 

The fields f/(") (z) are obtained as 

f/(")~:(7,50)(r„-r_„):, (64) 

where 7 is a vector, which is orthogonal to the root a. 
The field W is given by 

W = ^ (d<Pid% - 9029Vi) • (65) 
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8 Discussion and speculations 



We constructed a new chiral algebra of parafermionic type: the Z2 x Z2 graded = 1 
superconformal algebra. The full set of operator product expansions is presented in 
Appendix |Al The algebra has one continuous parameter: the coupling g, and contains 
three = 1 superconformal subalgebras of the same central charge. We also discussed 
briefly the representation theory of the Z2 x Z2 graded = 1 superconformal algebra. 
However the full description of the representation theory remains an open problem, in 
particular it would be important to understand what is the Poincare-Birkhoff-Witt 
basis for the highest weight modules of the algebra. We also obtained restrictions 
on the possible unitary models of the algebra, and provided two examples of explicit 
unitary realizations of the algebra. 

The Z2 X Z2 graded = 1 superconformal algebra is a generalization of the Z2 
graded A^ = 1 superconformal algebra. Higher generalizations to the case of Z2"' 
grading are possible. However in the case n > 2 there are less dimension-3/2 generating 
fields than 2" — 1, i.e. not every element (different from identity) of the Z2"' group has 
a A^ = 1 superconformal generator associated with it. The natural structure in this 
case is the An type root system. One should associate with every pair of opposite roots 
(the root direction) the standard Z2 graded A^ = 1 superconformal algebra, generated 
by ^("^(z) and r(")(z), where a is the root direction. There are n{n + l)/2 such root 
directions, which is much less than 2" — 1 for greater n. Then the standard Z2 graded 
A^ = 1 superconformal algebra corresponds to the Ai root system and the Z2 x Z2 
graded A^ = 1 superconformal algebra, described in this paper, corresponds to the A2 
root system. Moreover this approach can be extended to any root system of A-D-E 
type. In fact the structure of relations between the G^""^ fields is the same as that 
of the operator product expansions of the so called simply laced fermions defined in 
our previous work (Section 7 of [9J). The most singular term in the operator product 
expansions will be 



Again we need many more fields to close the algebra: of conformal dimensions 5/2, 3 
and maybe of higher dimensions. But this is a subject for a separate publication. We 
want just to make a few predictions here. Since the root system has many A2 root 
subsystems, the algebra has many subalgebras, which are the Z2 x Z2 graded A^ = 1 
superconformal algebras. So we expect that there will be only one free parameter, 
the coupling g, which is connected to the central charge of the A^ = 1 superconformal 
subalgebras by the same relation (l30l) . The total energy-momentum field is 




a and /3 are orthogonal, 



a and /3 are not orthogonal. 



(66) 




(67) 
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where /i^ is the dual Coxeter number of the simply laced algebra g, the root system 
of which is used in the construction of our parafermionic algebra. The total central 
charge is 

where is the number of root directions of the g root system. Substituting the values 
of g corresponding to the unitary models from (H6ll (like in Section [6]), we get two series 
of central charge: 

» = 3, 4, 5, 6, . . . 

C - - 9) or f69) 



(p+ 1) ((/iv + 2)p + 3/iV - 10)^ 



V = -3, -4, -5, -6, 



Unitary representations can appear only at these values of central charge or at the 
limit p — > ±oo of these two series: 

" (70) 



+ 2 

In the case g = sl{n) this "limit" model is realized by the (s/(n) fermions) x [so{n) 
affine vertex algebra on level 4), exactly in the same way as described in section [TiTl 

We would like also to announce here the N = 2 superconformal algebras of para- 
fermionic type. These are also associated with the root systems of a simple Lie algebra 
Q of the A-D-E type. But now there is a dimension-3/2 superconformal generator 
G^^'^z) for every root a. The fields G^°'\z) and G^~°'''(z) together with dimension- 
1 and dimension-2 fields J^^'^z), T^°'\z) form the standard N = 2 superconformal 
algebra. If a + is a root, then the operator product expansion of G^°'\z) and G^^\w) 
is 

{z — wy^i'^ 

and it is not singular if a + /5 is not a root. The full field content and the operator 
product expansions defining the algebras are not known yet even in the sZ(3) case, 
they are under investigation and will be reported in |TT]. However we already know 
the minimal models of these simply laced N = 2 superconformal algebras. They are 
constructed using the idea from [12], where the minimal models of the s/(2) N = 2 
superconformal algebra are constructed from Zjv parafermions and one free boson. Our 
minimal models are given by 

there k is the level of the affine vertex algebra q of A-D-E type, and r is its rank. The 
first part is generated by the Gepner parafermions [6], and the u{lY part is just r free 
bosons. The main generators are obtained as 

G^''Hz)=M^)^V2±eJ^). (73) 

V2k 
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if) a is the parafermion corresponding to the root a, the root is normahzed to (a, a) = 2, 
the vertex operators F are defined in the section 17.21 

The formula for the total central charge of these unitary minimal models coincide 
with the formula for the central charge of the affine vertex algebra q: 

CM ^ 'j^. (74, 

The algebras described in this paper may have interesting applications to string 
theory. 
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A List of operator product expansions 

We list here all the algebraic relations between the basic fields of the Z2 x Z2 graded 
N = 1 superconformal algebra. There are 10 basic fields: G'^^\T'^°'\U'^°'\W^ a = 
1, 2, 3, of conformal dimensions 3/2, 2, 5/2 and 3 respectively. They are primary fields 
with respect to the total energy-momentum field 

T = i±i^ (T(i) + T(2) + T(3)) . (75) 
This field T{z) satisfies the Virasoro algebra with central charge 

r - ^^^^^ 

The central charge of the three = 1 superconformal subalgebras is expressed in 
terms of the coupling g as 

_ 5%^ 

(1 + V)(i + 16^2)- I ) 

In the formulae below we use some convenient notation, the following two-index 
symbol: 

tx«/j=(°' "Tf^'z a,/?, 7 = 1,2, 3, (78) 

(i.e. (712 = C23 = (Tsi = 1 and = 0^32 = c"i3 = —1) and the following combination of 
the Virasoro fields: 

3 

e(")(^) = ^a«,T(^)(«;). (79) 

7=1 
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In all the operator product expansions below the fields on the right hand side of the 
equations are taken at point w. The indices a, /3, 7 inside one equation are all different. 
There is no summation on repeated indices, unless the sum is explicitly written. 

The operator product expansions defining the Z2 x Z2 graded = 1 superconfor- 
mal algebra read 

G^''\z)G^''\w) = . ^ + £^ + OUz - wf), (80) 
[z — wy z — w ^ ' 

r(")(^)G(")(w) = 7^ ^ + + OUz - wf), (81) 

[z — wy z — w ^ ' 

T(-\z)T(-\w) = + ^i^^ + ^ + 0{{z - wf), (82) 

[z — w)^ [z — wy z — w ^ ' 

g'"(.)gM(^) = (^^^ + ^%"_^J°7f' +o((^ (83) 

(84) 



(2; — -u;)* [z — wY 



+ ^^^^^ ^ + 0{{z - wf), (85) 

z — w ^ ' 



(2; — wy 

+ ^ ^ ^ -^ + 0{{z-wy), (86) 



2; — w 



4(yf I (2; — 10)^/2 (2; — 1(;)^/2 

+ 2gW^) - la^p [r(-), ^ 

^ (^-«;)V2 ' + 



{z - «;)V2 



+ 0((^-«;)i/2^, (87) 
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l+16g^ Tjia) 



{z — wY 

1+16.9^ QTjioc) _ l+16g^ y-3 r2.(T,) ^(a)] 

2(l+4g2)^^ 1232 Z^7=lOa7[-' , Jq 



^iU±^r^ ^JEL^^2ZL^ \ ^Ji^O{{z-wf), (88) 



z — w 

^ -(2 + 5g>.;,aG(/^) + (4 + lV)£/(/^) ^ 

(2; — 'u;)^ 

z — w 

+ '-^-^ ^ + 0{{z-wf), (89) 

2+5g2 (l+g-;i^i+rg-j 2-lVr(«) 



;i+g^)(l+7g^) y I 2-13g2 



(2; — w)^ (z — wY 

_| 2cg2(i+4g^) 8cg^ |_ 16cg-'(l+4g^) 8c |_ 

{z — wY Z — W 

^ -ijp([r"".rw]„+[rw.rw]„) 

Z — W 



+ 



2; — w 

^1+1092) 3 



z — w ^ ' 
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+ 



12g \ {z-wy/^ 

12fl2 ^<^I3^ 



(2+5.2) (2+17,2) g^(^) ^ 251.^+V-4 ^^^^(,) 



{z - wfl'' 



_4+^g2^(7) + ll9l±lf^ Qui-,) 
_| 4 bg 1_ 

{Z- w)3/2 
(^ — w)^/^ 

^ (2-tt;)i/2 

^ (^-^i;)V2 + 

^ (^-W)V2 ' + 



(^-^/;)3/2 (z-«;)V2 

+ ^ "^^-^ ^ \+0{iz- wf) , (92) 

z — w I ^ ' 

r(")(.)iy(..) = r^,3 + ^ + 

1+I6g2 ry(c,) Q(a)1 , 54g^ r^(a) ^(a)] 
_^ 2(l+4g2)L-^ ''-^ Jo ^ (l+4g2)3 L*^ Jo ^ 

2; — -u; 

+ ^5!fl^ + 0((. -»)«), (93) 
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+ 



, 3(l+g^)(2+5g^) (l+g^)(2+5g^) 

C/(°)(^)iyH = — 2 7^ + r 



+ 



— U')2 

(l+4g2)(l+10g2 

-1/2 I ^ - ■ ) ^ J _i/2 



e-f-/.. [^(^3), GW] _ 2 + e^'^^-r [GW, GC^)] 



— w)^ 



+ 



Z — W 



z — w 



+ 



2; — w 
2; — w 



3g(l+4g2) 

+ ^ ' /_T ^ ]+0{{z- W)') , 

(94) 



_ 2 / <l+g")(2+5g^) 3e(l+g^)(2+5g2) 3c(l+g^) (2+5g^) 

, ^5-r + ^[r.r]„ + ^EL.[r'°',r'°']„ 

{z — wy 

^ -VEL,[«'°;.«'°']_A , , - (95) 

(2; — W)'^ I z — w ^ ' 

where \W, W\^\d \W, W\ ^ - ^d^ [W, W] ^. 

The order of fields in the operator product expansions above is exchanged using 
the following rule: 

B(z)A(w) ^ A(w)B(z), 
r(^)(z)S^''\w) = -S^°'\w)R^''\z), (96) 
R("^)(z)S^^\w){z - wf/^ = ia^^pS^^\w)R^''\z){w - zf/^, a^(5, 

where B denotes any field from the set {T^^\T'^'^\T'^'^\W}^ R and 5* stand for any 
field from the set {G, t/}, and A is any of the 10 basic fields. 
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The generalized Jacobi identities (fTT!) are satisfied modulo the following null field 
condition: 

3 

27dW + (1 + IQg^y [G^"), f/^")] ^ = 0. (97) 

a=l 
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